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This paper studies the short-run and long-run behavior of a competitive economy in 
which both the discount factor and technological change are endogenously determined. In 
particular, the effect of saving behavior on persistent economic growth is considered. The 
paper provides the sufficient condition on the rate of impatience and the concavity of private 
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also shows that the presence of externalities and adjustment cost of investment can lead to 
indeterminacy of steady state equilibra.  
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1.  INTRODUCTION 
 
This paper describes the dynamics of capital accumulation in a competitive economy 

in which consumer preferences are intertemporally dependent and technological changes 
are endogenous. The two main appealing features of the economy are a non-decreasing 
returns technology and recursive preference. The technology follows from the recent 
trend of the endogenous growth theory in which the economy can potentially grow in the 
long run. Recursive preferences allow for interdependence of utility over time and thus 
relax the common, but restrictive time-additivity of preferences. Based on a closed 
variant of Romer’s (1986) technology with Uzawa’s (1968) preferences, the paper 
characterizes an equilibrium in the competitive economy with flexible time discounting 
with non-decreasing returns technology. Of particular interest is to establish the 
uniqueness or determinacy of a competitive equilibrium and to study its local stability 

 
* I would like to express my gratitude to Professors John Boyd, Lionel McKenzie, and Paul Romer for their 
comments on this paper and encouragement during its development. I would also like to thank Arved Ashby, 
Wayne Dunham, Saqib Jafarey, Aditya Goenka, and Apostolis Philippopoulos for helpful discussions. 
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property in a growing economy. 
While endogenous growth theory provides the conditions for a persistently growing 

economy without requiring exogenous technological change, most analysis has 
proceeded with the assumption of the additively time-separable utility, which implies 
rigid time preferences (Romer (1986), Lucas (1988)). This additive utility specification 
may yield results that seem strange in ordinary circumstances. Notably, Becker (1980) 
suggests that, in economies having a (asymptotically) linear technology (Rebelo (1990), 
Jones and Menualli (1990)) and thereby exhibiting a constant interest rate, a 
representative consumer will try either to save without limit or to borrow without limit, 
except in the knife-edge case that the rate of impatience equals the rate of interest. These 
economies then imply paradoxically that saving rates and rates of economic growth are 
inversely related. The constant discount rate hypothesis in the standard neo-classical 
technology also suggests unappealing implications for the trade in the world market, 
where all capital stocks eventually flow to the country whose rate of time preference is 
the lowest and thus other countries can no longer grow in the long run. 

Escaping these dilemmas, this paper explicitly allows intertemporal dependence of 
consumption-saving choices by introducing recursive preference.1 The class of recursive 
preferences shares many of the important properties of the additive preference family 
(e.g., Koopmans (1965), Uzawa (1968)), but incorporates certain richer characteristics: 
in particular, a set of possibilities for intertemporal substitution due to 
consumption-income changes over time. With time-separable preferences, a 
consumption-saving decision is based on usual income and substitution effects: The 
substitution effect depends on the productivity of investment. Decreasing returns as in a 
neo-classical growth model discourages saving, so this effect is negative. In the new 
growth theory,2 this substitution effect will be non-negative due to non-decreasing 
returns technology. The income effect comes from the concavity of preference in which 
a consumer wants to smooth out consumption over the infinite horizon. When the future 
income is expected to be higher than the present income, then the income effect is 
positive. The balance of these effects determines consumption and saving in the 
time-additive case. In the case of recursive preferences, these two effects are 
supplemented by a third effect: The time path of consumption-income determines the 
marginal rate of impatience and this creates an additional intertemporal substitution 
effect in the saving decision. 

The objectives of the paper are to characterize the dynamics and to establish the 

 
1 For example, recursive utility has been applies to explain questions on the distribution of income among 
heterogeneous households (Lucas and Stokey (1984), Epstein (1987)), on international trade (Obstfeld 
(1982)), on capital taxation (Chamley (1986)), on finance (Duffie and Epstein (1992)) and many others. 
2 In endogenous growth theory, the production function exhibits the (asymptotic) linear technology (e.g., 
Rebelo (1990), Jones and Menualli (1990)) and increasing returns technology (e.g., Romer (1986), Lucas 
(1988)). 
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stability condition for a competitive economy with endogenous time preference and 
technological changes. Prior to reaching these objectives, the paper explores the 
competitive existence condition on recursive preference and increasing returns 
technology.3 In the presence of externalities in the competitive economy, the concavity 
conditions on preferences (a felicity and discounting function), and technology (a private 
production and investment function) ensure existence of a competitive equilibrium. This 
generalizes the Brock-Gale’s joint condition on preference and technology in a 
neo-classical competitive economy to a growing competitive economy with flexible time 
preferences. 

In addition, the paper also establishes the sufficient conditions for a unique steady 
state. The uniqueness property comes essentially from the flexibility of time preference, 
along with the concavity condition for the existence of the competitive equilibrium in 
relation with the effects of externalities. Furthermore, we also show that this condition is 
sufficient for saddle stability and thereby uniqueness of an equilibrium trajectory. Hence, 
this extends the result of Benhabib and Gali (1995) that a unique steady state induces the 
uniqueness of a transitional equilibrium path.  

The stability condition in this paper clarifies how the artifice of a fixed rate of 
impatience affects the stability of the competitive equilibrium. In time-separable models 
with either linear or increasing returns technology, a steady state, if one exists, is always 
locally unstable.4 This is because both the income and the substitution effect are positive 
in those models. But, together with the concavity condition of the production function in 
terms of private capital stocks, an increase in a rate of time preferences plays an 
important role as a stabilizer.5 More precisely, when a consumer becomes impatient, the 
intertemporal substitution effect from consumption-saving choices becomes negative. 
Therefore if this negative income effect dominates the net of the usual income and 
substitution effects, then capital accumulation is stabilized over time.  

The present paper also provides a source of multiplicity of steady states and 
indeterminacy of equilibria. Even though externality is a main source of both 
multiplicity and indeterminacy as in the literature,6 adjustment cost of investment also 
plays a critical role for indeterminacy of equilibria (see Benhabib and Peril (1994)). I 

 
3 In the usual case of non-convexity of a resource feasible set, a social optimum and a competitive 
equilibrium fails to exist when technology exhibits increasing returns to scale. 
4 In addition, sunspots equilibrium and business cycles can be constructed in increasing returns models. For 
related topics, refer to the symposium issue of Journal of Economic Theory (1994). 
5 The impatience assumption on recursive preferences has been wildly used and its economic meaning and 
implications have been discussed in the literature (for example, refer to Koopmans (1960), Epstein (1987), 
and Lucas and Stokey (1984)). 
6 In models of increasing returns technology with constant time preference, recent research has reported 
multiple steady states and indeterminacy of equilibrium paths (e.g., Howitt and McAfee (1988), Boldrin and 
Rustichini (1994), Benhabib and Perli (1994)). 
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also show that the indeterminacy does not require a sufficiently large the effect of 
externalities as long as the adjustment cost is large enough.  

There are important contributions on long-run growth with endogenous rate of time 
preference. Notably, Farmer and Lahiri (2005) and Palivos et al. (1997) study a model of 
homogeneity of recursive preferences for a balanced growth with convex technology as 
in Jones and Manuelli (1990). Drugeon (1998) concerns a model with Romer’s (1996) 
technology and Uzawa’s (1968) preference. However, their contributions differ from 
those in this paper at least in the three aspects: First, this paper relates uniqueness of a 
steady state with local saddle stability of an equilibrium path. The paper then explains 
these properties in terms of the income and substitution effects. Second, the paper 
provides the sufficient condition for indeterminacy of steady state equilibrium paths. 
That is, there is a continuum of competitive equilibria converging to one of steady states 
provided that many steady states exist. Third, the results in this paper are in contrast with 
indeterminacy results in the literature including Drugeon (1998). In particular, the 
adjustment cost of investment together with (not necessarily large) externality is 
recognized as a source of the indeterminacy. 

This paper is organized as follows. The model is described in Section 2. In Section 3, 
the Hamiltonian equations for the competitive economy are derived and conditions for a 
positive price and the capital and consumption policy function are examined. Section 4 
examines uniqueness and local stability in the competitive economy. Also, the 
possibility of indeterminacy and instability is discussed. The final section contains 
concluding remarks. 

 
 

2.  THE MODEL 
 
The economy is perfectly competitive and the setup is a dynamic general equilibrium 

model. There is no uncertainty in the economy. Time is continuous on an infinite 
horizon. There is a single consumption good available at each instant up to an infinite 
horizon. A consumption path is represented by  The t-th period consumption level 
corresponding to C  is denoted by  Suppose that  is a continuously 
differentiable map from  to  over t . The programming problem is defined for 
a given felicity function  and discounting function . The recursive objective 
functional  after Uzawa (1968) is given by  

.C
).(tc )(tc

+ℜ +ℜ
)(cu )(cv

)(CU
 

∫ ∫
∞

−=
0 0

]))((exp[))(()(
t

dtdsscvtcuCU . 

 
In the interest of tractability and simplicity, the following restrictions on the felicity and 
discounting functions are imposed to capture the main features of an endogenous saving 
rate in a competitive economy.  
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Assumptions on the Felicity and the Discounting Functions: 
 
(F1)  and  are twice continuously differentiable on , ++ ℜ→ℜ:u ++ ℜ→ℜ:v +ℜ
(F2)  and v  are increasing and concave in , u c
(F3) there exists 0≥ζ  such that vvuu ′′′>−′′′ ζ ,7  
(F4) there exists  such that . d 0>≥ dv
 
The first assumption (F1) is only for convenience. Assumption (F1), together with 

Assumption (F2), allows the duality argument to be applied using a conjugate function 
(e.g., Araujo and Scheinkman (1977)). The last part of (F2) is imposed to ensure the 
existence of a solution to the consumer’s optimization problem. The sole purpose of (F3) 
is to guarantee a positive equilibrium price of capital. (The following section discusses 
this issue in detail.) Obviously, Assumption (F4) excludes the possibility of 
undiscounting the future. For example, when ,  and +ℜ∈χη , −ℜ∈21, AA χζη −>−− , 

 and  satisfy the above assumptions for the facility and 
discounting function, respectively. 

ceAcu η−= 1)( ceAdcv χ−+= 2)(

Technology is a close variant of that in Romer (1986) and Lucas (1988). Let 

 denote the instantaneous rate of output for firm ),,( jjj xzkf
∧

j  as a function of its 

capital stock , economy-wide capital stock , and the level of all other inputs . 

The capital stock  is formed by learning-by-doing as a side product of individual 

investment. Then, given  for each , assume that  exhibits constant 

returns to scale in . It is also assumed that  is a nonrivalry good that each 

firm can access at zero cost. Let  be contributed by each individual firm’s own 
investment and measured in terms of the aggregate capital stock in the economy, i.e., 

 where  is the number of firms in this economy. For the sake of 

simplicity I assume that all firms are identical. Then 

jk z jx

z

)(tz t ),,( jjj xzkf
∧

),( jj xk z
z

∑ =
=

N

j j tktz
1

)()( N

)()( tNktz = . I can further assume 
.1=N 8 This does not affect any results in this paper because every firm in the economy 

 
7 The first-order and second-order derivative of a function ℜ→ℜ:)(xh  is denoted by  and , 

respectively. 

)(xh′ )(xh ′′

8 Hence,  in the equilibrium path, but not in the firm’s problem, because  is externalities to 

the firm in the competitive economy. This setup is identical to Romer (1986). However, we may point out 
that a Nash-type mechanism of externalities is not so appealing when the firm knows that there exists no 
other firm in the market. (I thank the anonymous referee for this point.) For clarity, we may take  
throughout the paper. But, it is also clear that keeping that 

)()( tktz = )(tz

1>N
)()( tNktz =  will not change any of arguments in 

this paper.  
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exhibits constant returns to . In addition, factors other than capital are assumed 
to be supplied in fixed quantities, so that  is constant. We can normalize it to 1. It 
can be thought of as a constant supply of labor. Therefore, a representative firm’s 

production function  can be simplified: formally . 

),( jj xk
)(tx

),,( jjj xzkf
∧

)1,,(),( zkfzkf jj

∧
≡

Additional capital stocks can be produced by forgoing consumption. Let  
where  is the investment function for an individual firm. Under 
Assumption (T4) below,  can be rewritten in terms of the proportional rate of 
growth such that 

),( kIGk =&

czkfI −≡ ),(
),( kIG

)1,/()( kIGkIg ≡ . Therefore, changes in the capital stock can be 
expressed as )( kIkgk =& . It is worthwhile noting that the trade-off between current 
consumption and capital is no longer one-for-one. 

As in Romer (1986), the following assumptions on technology are imposed to 
capture the main features of a competitive economy with externalities. 

 
Assumptions on Technology: 
 
(T1)  and  are twice continuously differentiable,  ++ ℜ→ℜ2:f ++ ℜ→ℜ2:G
(T2)  for any ,  is concave in the first argument ,  z ),( zkf k

(T3)  where  and ρμ kkkf +≤),( +ℜ∈ρμ, ρ≤0 ,  
(T4)  is concave and homogeneous of degree one,  ),( kIG
(T5) ],0[)( α∈kIg  with 0)0( =g  and 1)0( =′g  where .  +ℜ∈α
 
The first assumption (T1) is made for the sake of convenience. The second 

assumption (T2) is required, along with concavity of  in (T4), for the existence 
of a solution to the firm’s profit maximization problem within an endogenous growth 
model.

),( kIG

9 The third assumption (T3) allows the economy to face an increasing (as well as 
decreasing) returns production function. The last part of (T4) is for convenience. The 
last assumption (T5) depicts the nature of an increase in the cost of investment as 
physical (or human) capital increases. This cost structure has been recognized in, for 
example, the cost of higher education or research and development (Romer (1986)); of 
‘time to build’ (Kydland and Prescott (1982)); and of technology transfer among 
countries, etc. The following functions demonstrate the above technology: Under 

10 ≤<ω , ϑ<0 , ρϑω =+ , , and ,  satisfies 
(T1)-(T3) and 

+ℜ∈ω +ℜ∈ϑ ϑωμ zkzkf +=),(
)()( xxkIg += αα , kIx ≡ , , satisfies (T4) and (T5). +ℜ∈α

Although the aggregate capital stock is a (positive) externality to each firm, its path 
is endogenously determined over time since the externalities are realized as 
 

)(tz  )(tk  

9 This usual concavity condition of the invest function becomes important for indeterminacy (see Section 4). 
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at each moment of time. More precisely, capital growth m occur in absenc
population growth and exogenous technical changes. 

Given the set assumptions on utility and technolog

ay e of 

y, the level of consumption should 
be prevented from growing so fast that the agent’s utility becomes infinite. Recall that 

)( kIkgk =&  where czkfI −= ),( . Assumption (T3) and (T5) imply that the maximum 
ive consu grow at the rate comprehens mption can αρ . Therefore, if d<αρ  then 

∞<)(CU  for a given finite initial capital stock. Thus this generalized B ale’s 
ition, together with the concavity assumptions on utility and technology, 

guarantees existence of a competitive equilibrium path with externalities.

rock-G
joint cond

3.  CONSUMPTION AND CAPITAL POLICY FUNCTION 
 

 this section I characterize an equilibrium path in the competitive economy. Let us 
beg

10

 
 

In
in with denoting the initial capital stock )0(k  by ∞<0k , where ++ℜ∈0k . A path 

of externalities is represented by Z , where for ∞≤≤ t0 the t-th p ternality 
corresponding to 

 eriod ex
Z  is )(tz . Let  denote a set alities where any externality 

)(tz  is in ℜ⊆E . In r any T, )},[,)(:{ ∞∈∈= TtEtzZZT . The 
competitive nomy in sence of externalities is fo h 
satisfies the assumptions mentioned above. Then, the consumer maximiz e 
utility: 

 

E of extern
o

 eco  the pre hic
es his lifetim

, 

 

iven the budget constraint, , where  is the 

 the present valued wage rate a  T

 
At an equilibrium,  and 

++  particular, f
rmally ),,,,( 0kgfvu , w

∫ ∫
∞

−=
0 0

]))((exp[))(()(
t

dtdsscvtcuCU

g ∫ ∫
∞ ∞

+≤
0 0

)()0()0()()( dttwkqdttctq )(tq

present valued price and (tw t time t he firm 
maximizes its profit: 
 

) .

∫
∞

−−
0

)]()()())(),(()([ dttktqtwtztkftq . 

0)0( kk = , ))(/)(()(/ tktIgtkk =& )())(),(()( tctztkftI −=  for 

 
10 See von Neumann Equilibrium Theorem in Becker et al. (1989, p. 96). The formal proof is beyond the 
scope of this paper. Somewhat different from this model, a proof for existence of a growing equilibrium path 
with Romer-Lucas technology can be found in Suzuki (1996) where there is a growing optimal path with 
recursive preferences. 
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).,0[ ∞∈t    
enerThe g al equilibrium growth problem, defined below as , in the 

eco /]),( −
),( 0 ZkPE

nomy ),,,,( 0kgfvu  can be restated as the following: Let kfy [ czk≡ . Then, 
for all ∈t ),0 Z : 

 
),0[ ∞ , (kPE

 s.t. . 

 
 is immediately apparent that  has a solution since this is a convex 

he set of a

 
can therefore extend this definition to the value function  at time

 
bject to , 

∫ ∫
∞

−=
0 0

]))((exp[))(()(
t

dtdsscvtcuC )],([ ygkk =&  0)0( kk = , Etz ∈)(U

It ),( 0 ZkPE
-maximization programming under t ssumptions. Alternatively, I can define the 
value function )|,0( 0 ZkJ  at time 0  such that 

 
)},0[,)(;)0());(()(:)(max{)|,0( 00 ∞∈∈=== tEtzkktygtkkCUZkJ & . 

)|,( ZkTJ TT  T : 
 

I 

max)|,( =ZkTJ TT ∫ ∫
∞

−=
T

t

TT dtdsscvtcuCU ]))((exp[))(()( , 

)(ykgk =& , TkTk =)( Etz ∈)( , ),0[ ∞∈t , where kczkfy /]),([ −≡su  and 
∞∈∈∞ + ttc . 

Notice that the value function tt  is time-independent in the sense that for 
any

)}[{ ℜ= TCCT ,0[,)(:),
J )|,( Zkt

 ),0[ ∞∈s , ),()|,( sJZktJ tt = provided that ZZkk stst == , . Thus 
,(tJ |tt

o

Zk ss  

tt ( ZkJ≡  
Using the method f dynamic programming, I can derive the Bellman equation in the 

mo

ons (T1), (T2), (T4), 
and

}

he proposition generalizes the Bellman equation in neoclassical models. In 
con

)| Zk ).

dels with recursive preferences and with technology that exhibits increasing returns 
to scale in the economy. The derivation is in Appendix 1. That is,  

 
ROPOSITION 1: Under Assumptions (F1)∼(F4) and AssumptiP

 (T5), the Bellman equation for the competitive economy in the presence of 
externalities ),,,,( 0kgfvu  is 

 
{ )|()()|())0(())0((max0 00 ZkJykgZkJcvcu k+−= . 

 
T
tinuous time models with no externality and a constant discounting rate, say δ , the 

Bellman equation has been obtained as { })()()(max0 kJkkJcu k
&+−= δ . By the nature of 

a recursive objective functional, the constant discounting rate δ  is replaced by )(cv   
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in the Bellman equation of this model. 
The necessary conditions for the Bellman equation for )( ZkPE  are 
 

,0

           (N-1) 0)|()()|()()( =′−′−′ ZkJygZkJcvcu ttktt ,                   
0)|()(]/1[)|()()( ≤′′+′′−′′ ZkJygkZkJcvcu ttktt .                         (N-2) 

 
(For the rest of this paper, time subscripts will be 
cause no confusion.) The first condition (N-1) is obt

e following 

left out whenever this omission would 
ained by differentiating the Bellman 

equation with respect to consumption, given the fixed capital stock. The second 
condition (N-2) is required for convexity of the Bellman equation in consumption. 
Condition (N-2) will then become one of the sufficient conditions for a solution to the 
Bellman equation for the competitive economy ),,,,( 0kgfvu . In order to apply the 
implicit function theorem, the second condition will be strengthened to a strict inequality. 
The strengthened (N-2) will be used frequently in th sections. 

To establish the Hamiltonian equations, the shadow price of capital is defined as a 
marginal value of capital in terms of utility (Benveniste and Scheinkman (1982), Becker 
and Boyd (1992)). Here, the price of capital at time 0  is 

)]|()()()][(/1[)|()0( 00 ZkJcvcuygZkJp k ′−′′=≡ . The condition (N-1) is used in the 
second equality and an equilibrium path is assumed to be in the interior of the atta able 

an be applied to extend this definition 
to the current value price of capital at time t  as 

 
)]|(][/1[)|()( ZkJvugZkJtp ttttk

in
set of the economy. The Principle of Optimality c

′−′′=≡ , 
 
where 

Let be an equilibrium consumption path. Given the strengthened condition (N-2), 
t fun on theorem allows this path to be written as a function of a fixed 

toc

c ttkttttt

 
where . Supposing  be twice continuously 
ifferentiable, 11  the following equation is derived by differentiating this Bellman 

n with respect to the capital s

tktk =)( . 
C  

the implici cti
capital s k tk : 

 
{ })|())(()|())(())(max0 ZkJtygkZkJkcvku +−= , (

ttt kkctzkfty /)]())(,([)( −= )|( ZkJ tt  to
d
equatio tock tk : 
 
11 The value function )( ZKJ tt  is continuously differentiable under the smoothness conditions on utility 

and technology, yet twice differentiability of the value function requires an additional set of assumptions. 
A  (1977) reraujo and Scheinkman ported conditions for the twice differentiablility of the value function in the 
time additive utility framework. 
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]/][[][0 1 tkkkk kcJgJvuJvygfgDgkgJ ∂∂′−′−′+−′−++= , 

 
here , and  denote  and kkJ fD1 kJk ∂∂ / kzkf ∂∂ /),(w  respectively. Hence, with 

k&  w   

ROPOSITION 2: Under Assumptions (F1)∼(F4) and Assumptions (T1), (T2), (T4), 
and

[

(N-1), (N-3), and = |( ZkJ ttkk e have)(tp& ,) 12

 
P
 (T5), and supposing the value function )|( ZkJ tt  to be twice continuously 

differentiable, then the Hamiltonian equations with kczk /]),( fy −=  in the economy 
),,,,( 0kgfvu  consist of 

 
                                                      (H-1) 

gpp
)(ykgk =& ,

)]()(),()()( 1 cvyygzkfDygy −′−′+ .                         (H-2) [−=&

 
Thus, the equations (H-1) and (H-2) determine the evolution of an equilibrium trajectory. 
I will show that, in Section 4, any trajectory determined by the equation (H-1) and (H-2) 
converges to a steady state, which automatically satisfies the transversality condition and 
constitutes an equilibrium. For completeness in listing necessary and sufficient 
conditions, the transversality condition is stated as 

 
0)()()( =tktptD  as ∞→t ,            lim                          (H-3) 

 

where 

this point I examine what alue of 
∫−≡

t
dsscvtD

0
]))((exp[)( . 

At  v ζ  in the condition (F3) guarantees positive 
prices for capital. In terms of the Arrow-Pratt measure for the curvature of the concave 
function u  and v , ζ+′′′−≥′′− uuvv //  implies that the discounting function is more 
concave by the measure 0≥ζ  than the felicity function. Then let the discounting 
function be called a ‘ζ -concave function’ with respect to the felicity function. The 
ζ -concave discounting function insures that prices )(tp  are positive over time.13 In 

er to see this, suppose that ord ukJg k ′′′≥ /][ζ . sumption (F3) implies that As
]//[ vkJgvuvu k ′′′+′′′′′≥′ . By the strengthened condition (N-2), a simple calculation 

 
12 Also see Park (2000) and Drugeon (1998). They derive independently the set of necessary conditions for an 
equilibrium in the same model as one in this paper. 
13 Since the assumption of ζ -concavity involves the endogenous value function, the author realizes that the 

assumption is less satisfactory. 



ENDOGENOUS EQUILIBRIUM GROWTH WITH RECURSIVE PREFERENCES 177 

yields Jvu ′>′ . I thereby have14

 

of capital in the economy  is strictly 
pos

ital accumulati  additional
 one unit of consumption, i.e., 

LEMMA 1: Under Assumptions (F1)∼(F4) and Assumptions (T1), (T2), (T4), and 
(T5), th  )|()( ZkJtp ttk≡e price  ),,,,( 0kgfvu

itive. 
 
When the cap on function produces one unit of  capital by 

foregoing yyg =)( , the zero-concave discounting 
function is sufficient for a positive price of capital. 

Deriving the consumption policy function, I digress briefly to derive the rate of time 
preference )(tϕ  at time t . The derivation w l some key characteristics of the 
mod

ill revea

, 

where is the current valued utilit of  at time . Next, suppose  is an 
quilibrium consumption path with the initial capital stock , so 

g (N-1 C

el, and it will be useful for simplifying the consumption policy function. First, I can 
measure the marginal utility with respect to an increment in consumption along a 
consumption path C  about the time t  by utilizing the concept of the Volterra 
derivative.15 Then the marginal utility of consumption, )(CUt  is equal to  

∫−′−′
t

t dsscvCUcvcu
0

]))((exp[]()()([

 

)

 Ct t Ct)( CU t  y 
e tktk =)( )|()( ZkJCU ttt = . 
By usin ), )(CUt  can also be written as )|())(()() ZkJtygtDU ttkt ( ′= . Fi lly, the 
rate of time preference )(t

na
ϕ  is defined as the negative of arithm e 

of marginal utility  the equilibrium path: 
 

 the log ic rate of chang
 along

0/)]([log)(
=

−≡ ct dtCUdt
&

ϕ dtZkJtygtDd /)]|())(()([log ttk′−= . 

 
Finally, substitute  intop&  )(tϕ , 
 

/ 21 yfDfgp −+′ . 

mediate observation shows that 

]][/[)()( Dggpcvt ′′++= &

 
ϕ

)(tϕIm  varies with  through the discounting 
function and the capital accumulation fun on . This also varies with 

the on 

 

)(tc
)(cv  cti )( yg )(tk  

through the price of capital )(tp ,  output functi ),( zkf , and the capital 

14 On the other hand, Epstein’s (1987) approach requires the global monotonicity of utility by assuming that 
the marginal utility is strictly positive for each time. 
15 The volterra derivative is an operator, which firstly perturbs a consumption path by the magnitude less than 

 over a time interval of length  about t , and secondly lets  and  go to zero. 01 >ε 02 >ε 1ε 2ε



HYUN PARK 178 

accumulation function )( yg . Furthermore, )(tϕ  is d dent on the felicity func  
via a proportional price change p . These relations of 

epen tion
p /& )(tϕ  with )(tc  and )(tk  

illustrate the nature of a rsive utility fun  in this model. It is also worth noting 
that )(t

 recu ction
ϕ  is reduced to a constant )  for all time t  at a s y state. 

Finally, we can derive the consumption policy function in terms of )(x
(cv tead  

ϕ  (see 
details in Appendix 2). 

 
PROPOSITION 3: G

and (T5), and suppos
iven Assumptions (F1)∼  Assumptions (T1), (T2), (T

ing the value function  to be twice continuously 
diff

(F4) and 4) 
)|( ZkJ tt

erentiable, the consumption policy function for the economy ),,,,( 0kgfvu  is 
defined by 

 
[ ] [ ]{ } vgkgcvtJvuJvug ′ ′ ′kgc +−=−′′′−′′+′ ]/[)()(]/[][ ϕ ,                (H-4) 

te of time preference gggppcvt

′′ /&

 
where the ra ]][ 21 yfDfD −+/[/)()( ′′ ′++= &ϕ . 

 
Since the sign of [ ] [ ]]/[][{ }JvuJvu ′ ′′ ′ ′/ gkg − −′+′′′ ou cannot be assigned with t more 

restrictions on the functions, changes in consumption are hard to predict with this model. 
On , then the other hand, if yyg =)(  { } vcfcvfDJvu ′−++−=Jvuc ′−′′ ′′−′ ][)(] 1 . 
Since )(t

/[][&

ϕ  also becomes equal to ][ cfvvkvv −′−=′− &  with this specification of 
technology, the a equatio s 
{ }

bove ther simplified an can be fur
− +ϕ=]  equation can be int′−′−′′ fDJvuuc 1]/[[& . This erpreted easily. Imposing the 

condition 0)( <
′′Jv

′′−′′ kJvu , similar to the condition (N-2) in the case of this model, 
]/[)]([ JvukJvu ′−′′′−′′  must be 

s consumption
future. Conversely, im

negative. Therefore, the higher output productivity 
induces les  and more investment now and then more consumption in the 

patience would imply more consumption now, and thus less in the 
future. Since v′  is assumed to be positive, consumption will decrease when the 
changes in J  are positive over time, and vice versa.16 In addition to the condition 

yyg =)( , when the discounting function is constant, δ , independently on consumption, 
then c&  becomes δ−=′′′− fDuuc 1]/[& . This is, the consumption policy function in 

on 3 is a generalized version of a cons mption policy function in the 
neo-c ssical growth

 
 

Propositi u
la  model. 

 

 
 

16 Further interpretation of ]/[][ JvuJvu ′−′′′−′′  can be found in Epstein (1987). 
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4.  UNIQUENESS, LOCAL STABILITY, AND INDETERMINACY 

We ve 
eco omy with externalities. Local stability can be demonstrated by adopting the 
Ham

quations for 

fggp ′+−=

 
 examine the local stability property for an equilibrium path in the competiti

n
iltonian dynamics approach. This approach has been exploited in economies where 

preferences are additively time-separable and technology is concave (e.g., Levhari and 
Leviatan (1972)). The similar argument has also been adopted for economies with 
recursive preferences and a neo-classical technology (e.g., Epstein (1987)). 

Now, we show the existence and uniqueness of a steady state in the economy 
),,,,( 0kgfvu . 17  First of all, a stationary path of the Hemiltonian e

),( Zk  is defined to be the triple ),,( pkc  that satisfies kgk == &0  and 
]1 vygD −′− . Then czkf

0PE
[0 =),( , )(),( cvzkfD = , and kz =  at the 

.
1

steady state  is show t a steady s
 

18 The uniqueness of a steady state n as following: A tate, 

0]),([]]0)[0()0()0([ 11 =−−=−′−′+− vkkfDpvgfDggp . 
 
And then . The monotonici nditions for the LHS 

and RHS of the equation ensure uniqueness of a steady state. That is, if 
211 <kkfD  and 1

 )),(()(),(1 kkfvcvkkfD == ty co
 

0),(),( + Dkkf 0)],(), 2 >+([′ kkfDk  then a steady state is 
unique. Assumptions (F2), (T2) guarantee that 0)],(),([ 21 >+

kfDv
′ kkfDkkfDv . The 

,(211 kkf effect of the (positive) 
externality is small enough. However, it is possible th  states 
occurs when s dominates the degree of diminishing marginal 
product of the individual capital (also see Howitt and McAfee (1988)). 

It is still necessary to prove that a steady state is a solution to ),( 0 ZkPE . It can be 
accomplished by using a standard argument (see Epstein (Lemma 2, 

inequality: ),( <+ DkkfD  holds only
at multiplicity of steady

 the effect of externalitie

 rough 
out

0)  when the 

1987)). A
line of argument is following: Let C  be a stationary solution to e problem. 

By the concavity of the felicity and discount function and concavity of the investment 
and output production function in k , for a given path of externalities, we can integrate 
equations (H-1), (H-2), and (H-3). Since all stationary paths must satisfy the 
transversality condition, 

 the abov

))( CUCU ≥  for any feasible stationary path C . Hence we 
have: 

(

 
17 The existence of a steady state may be proven by adopting the fixed point argument of Lucas and Stokey 
(1986, Section 7). An axiomatic approach for existence a balanced growth path is in Le Van and Vailakis 
(2005), and Farmer and Lahiri (2005). 
18 In fact, this model is ready for persistently growing balanced growth paths and the most of properties of 
steady states in the present paper can be re-obtained for a growing economy. For example, Palivos et al. 
(1997), and Zee (1997) extend to a long-run growth economy with a simple AK-technology.  
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PROPOSITION 4: U tion (F1)~(F4) and Assumption ( )~(T5) and 
suppos

nder Assump T1
ing the value function  to be twice continuously differentiable, if )|( ZkJ tt

),(),( 2 kkfDkkf > , then ),( 0 ZkPE  has a unique stationary solution in the 
competitive economy ,,,,( gfvu

I now implement 

11D
. 

 
the following steps for studying local stability: First, linearize 

Hamiltonian equations about a steady state (assuming that a locally unique steady state 
exi

)0k

sts). Second, define the characteristic equations, which describe the properties of the 
original system of the equations. Third, if the system of equations satisfies the paired 
roots theorem, then the theorem can be used ascertain whether each system enjoys 
saddle-point properties.19 In continuous time models the eigenvalues of the system of 
equations will have the saddle point property if the paired roots have the opposite signs 
(Theorem 1). If not, all roots have to be negative absolute stability (Theorem 2). 

Now, the smoothness conditions on the functions in the competitive economy allows 
us to apply the implicit function theorem so that I can express the consumption function 
in terms of k  and p . Given the Hamiltonian equations (H-1) and (H-2) for ),( 0 ZkPE , 
the stationary equilibrium path implies that: ckkf =),(  and )(),(1 cvkkfD = . Suppose 
that  

 
H k )(),( ykgpk ≡ , 

 
Then the Hamiltonian equations become kHk k=&  and . Let 

kk
k ∂∂= / , , , and . The system of 

) can be sum  as  
 

⎣p& ⎦⎢⎣ pk

)]()(),()()([),( 1 cvyygzkfDygygppkH p −′−′+−≡ . 

),( p ),( pkHp p=&

kHH pHH kk
p ∂∂= / kHH pp

k ∂∂= / pHH pp
p ∂∂= /

linearlized Hamiltonian equation (H-1) and (H-2 marized

⎥
⎤

⎢
⎡k&

= ⎥
⎤

⎢
⎡

pp

k
p

k

⎦ ⎥
k

HH
HH

⎥
⎤

⎢
⎡ − kk , 

⎦⎣ − pp

 
where Ω  ),( pk  denote the steady ate capital and its price. Let  st be the matrix on the 

ght hand side. The elements of the matrix are explicitly computed in Appendix 3. I can 
the ch

ri
define aracteristic equation )(λξ  of the system of the linearized equations: 

 
19 The paired root theorem roughly states that if the roots are counted according to multiplicity, then 
eigenvalues of optimization problems occurs in pairs when the related matrix of the partial derivatives is not 
singular. 
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⎟⎟
⎠

⎞
⎜
⎛ ⎤⎡λ 0
⎜
⎝

⎥
⎦

⎢
⎣

−Ω≡
λ

λξ
0

det)( . Thus )(λξ Ω+Ω−= det)(2 λλ tr . There are two different 

paired roots for )(λξ  such that  are equal to  21,λλ [ ] ⎥⎦
⎤

⎢⎣
⎡ Ω−Ω±Ω

2/12 det4][
2
1 trtr  

with λλ > . With  condition (N d the positive pr  
of λ pend on the sign of ][ 21211 fDfDvfDfD +

21  the -2) an ices for the capital, the signs
 de21,λ ′−+  (see Appendix 3).  
 let us consider that caFirst, se that Ωdet  is negative. Appendix 3 shows that if 

0][ 212 <+11 ′−+ fDfDvfDf , D Ωdet negative and thus 21 0 λλ >> . The 
e alues of )(

 is 
following theorem states that th eigenv λξ  have the op gs and 
thereby the equilibrium path for ),( 0 ZkPE  has t saddle point property at the 
stationary equilibrium 

posite sin
he 

),( pk . 
 
THEOREM 1: Under Assumption (F1)~(F4) and Assumption (T1)~(T5), and 

supposing the value function )|( ZkJ tt  to be twice continuously differentiable, if the 
discounting function is ζ -con h respect to the utility function, the determinant 
of the matrix of the syste  of linearized Hamiltonian equations 

cave wit
m Ω  is not singular and  

 
[ ] ]/[]/[ 2122111 fDfDfDvfDfDfD +≥′−+ , 

 
en the stationary equilibrium path for the competitive economy  with 

is negative by (T2) and 

th ),,,,( 0kgfvu
externalities is locally (saddle) stable. 

 
ow, remember that ),(11 zkfD  )(cv′  N is positive by (F2). 

Hen my has e llove

fD
patient as th

ce, when the econo ither no or negative spi r effects of private 
production, but small than the productivity of private production, i.e., 02 ≤fD  and 

021 >+ fDfD , 0det <Ω . Therefore 12 0 λλ <<  and then the saddle p olds 
ear model wh 0),( =zk , an economy can be locally 

stable as long as a consumer becomes im e economy develops. More 
interestingly, if there are the positive effects from externality, i.e., 02 >fD , these 
effects have to be small-with respect the change in both the indivi arginal 
productivity of capital and the rate of time preferences-in order to ensure that 0det <Ω . 
It is now clear that an increase in impatience and the concavity of the productivity of the 
private production function are stabilizers, while a (positive) externality is a destabilizer. 

The underlining logic is rather simple. In endogenous growth models, externalities 
play

roperty h
at the steady state. In a lin ere 11

dual m

 a main role to generate economy-wide increasing returns by overriding diminishing 
returning of private investment. This substitution effect always destabilizes an economy 
when a consumer has a time-separable preference (see Romer (1986), Lucas (1988)). In 
contrast, the present economy can be stable if a consumer becomes impatient as he/she 
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becomes rich. More precisely, if the intertemporal substitution effect from in 
consumption choice between periods dominates the substitution effect from investment 
plus a usual income effect, then the economy is locally stable. 

We further observe that the conditions for uniqueness of the steady state (Proposition 
4) ensure local convergence of an equilibrium. Therefore there is a unique equilibrium 
pat

 (F1)~(F4) and Assumption (T1)~(T5) and 
sup osing the value function  to be twice continuously differentiable, if 

h converges to the unique steady state. This is consistent with the result of Benhabib 
and Gali (1995), i.e., as long as the uniqueness of the steady state is preserved; the 
uniqueness of the (transitional) equilibrium is also preserved even in the present of 
market imperfections. We conclude  

 
COROLLARY 1: Under Assumption
p )|( ZkJ tt

),(),( 211 kkfDkkf > , then the competitive equilibrium path in the economy 
),,,,( kgfvu  is unique and conv  the unique steady state.

D
erges to

 
But, when  two possibilities in 

this case: Ei  or 

0
20

 0det >Ω  the saddle point property fails. There are
ther 0>Ωtr 0<Ωtr . First,  whenever  and 

hus an e
 to the readers.) Sec n 

021 >> λλ 0>Ωtr
0>Ω , and t quilibrium diverges from the steady state. (I may leave further 

analysis for this case ondly, whe
det

0<Ωtr  in the case of 0> , 
my is absolutely stable because both 12 , λλ  have a negative real part (if roots 

are complex).

detΩ
the econo

bility o ate as th

EM 2: Under the same hypotheses as Theorem 1, except the inequality is 
replaced by  

21 Therefore, we recover the local sta f the steady st e 
following: 

 
THEOR

 
]/[]/[ 2122111 fDfDfDvfDfDfD +<′−+kfDgApf /][ 2′′< , and DfD 21 + , 

where stationary equilibrium path for the compe e 
economy with externalities is absolutely stable.  

st inequality ient condition 
for , in the presence of the positive externality and adjustment cost of 
inv
 

 
[ ] 1]/[ −′′−′′+′′≡Α Jvukgp , the titiv

),,,,( 0kgfvu  
 
The fir condition in Theorem 2 is obtained from the suffic

0<Ωtr
estment. Clearly, when there is no externality the absolute stability property does not 

20 Park (2000) also shows the global turnpike property under the smoothness condition on the consumption 
and capital policy function as in the present model with recursive preferences.  
21 The equilibrium path can be cyclical in transaction with additional condition that . Since 

the trajectory absolutely converges to a steady state, this path also satisfies the transversality condition. 

Ω<Ω det4][ 2tr
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hold. o notice that, in addition to the change of impatience and the concavity of 
the private production function, the strong concavity of investment function works as a 
stabilizer.  

Also, the absolute stability suggests possibility of the indeterminacy of equilibrium 
paths in a g

 We als

rowing economy (the symposium issue in Journal of Economic Theory 
(19

there exists 
ind erminacy of steady state equilibrium paths in the competitive economy 
u

First, the resence of externality is necessary for the result. When there is no 
ext ity, i.e., , the both inequality conditions are violated and we thereby go 
bac

er the c

94)). Theorem 2 provides the sufficient condition for indeterminacy of steady states 
in the sense that there is a continuum of equilibrium paths associated to the same 
economic fundamentals including the same initial stock of capital. That is, 

 
COROLLARY 2: Under the same hypotheses as Theorem 2, 
et

),,, 0kgfv . 
 

 p

,(

ernal 02 =fD
k to the saddle stable case in theorem 1. Moreover, a continuum of equilibria would 

occur only und ondition that fDfD 211 < , which is consistent with the 
conditions of Corollary 2. Second, the adjustment cost for investment should not be zero 
for indeterminacy.22 That is, this Corollar t with the results of Benhabib and 
Peril (1994) that externalities (even though large) are not sufficient to generate 
indeterminacy. Third, since there is a continuum of transitional paths near a steady-state 
equilibrium path a sunspots equilibrium can be constructed and thereby a self-fulfilling 
equilibrium can exhibit business cycles. Finally, although the presence of externality is 
essential for the indeterminacy, the indeterminacy does not require a sufficiently large 
magnitude of the effect of externalities as long as the adjustment cost, i.e., g ′′ , is large 
enough.

y is consisten

5.  CONCLUDING REMARKS 
 
This paper establishes ability of a competitive 

eco omy with recursive preferences and increasing returns technology. It is shown that 
tha

 

23  
 
 

 the sufficient condition for local st
n
t the positive externalities from social capital to private production cause instability 

and multiplicity in the competitive economy. Since in a model with the Romer-Lucas 
technology, the competitive equilibrium is not socially optimal, it is interesting to ask 

22 Our indeterminacy result differs from one in Drugeon (1998), who introduces consumption externality on 
the discounting function. 
23 Notably, Benhabib and Farmer (1994) calibrated a model, using the size of externalities in the US economy, 
whose steady state is unique and locally stable. 
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whether, given a set of sufficient conditions for existence of a socially optimal path, is 
that path locally stable. It seems that unstable or cyclical behavior of the optimal path 
can be induced by the very nature of an increasing returns technology. 

However, the stability of the optimal path may be restored by the same reason in the 
present paper that the discount rate increases rapidly with the presence of adjustment 
cos

es, and sunspots is worthwhile to explore in a model with 
end

ppendix 1. 

thods of dynamic programming, we can easily obtain the Bellman 
equ tion: According to the Principle of Optimality and given the historically determined 
init

t in investment. But this absolute stability results also causes indeterminacy of 
equilibrium paths and a self-fulfilling equilibrium can generate business cycles around 
the steady state equilibrium.  

There are still interesting questions remaining in this model. For example, the 
relation between business cycl

ogenous preferences and technological changes. Furthermore, necessary and 
sufficient conditions for a continuum of equilibrium paths or of conditions for multiple 
stationary equilibria remain to be found. Furthermore, it will be interesting to see growth 
cycles in growth models of recursive preferences.  

 
 
 
 
A
 
Using the me
a
ial capital stock Tk  at time T , a portion of the equilibrium path CT , where 
0>T , must be an equilibrium path. Therefore the future consumption path CT  is 

independent of the m ner in whi  the system arrived at the capital stoc Tk . But 
 decisions are affected via externalities 

an ch k 
future Z  and the discount factor 

∫−≡
T

dsscvTD
0

]))((exp[)( , due to a recursive objective functional in the model. Thus 

 as 

∫ ∫
T t

cvtcu ((exp[))((

)|( 0 ZkJ  can be broken up
 

T

t
dtdsscvtcudtdss

0 0 0
}]))((exp[))((max]))max{  

 
Since 

∫ ∫
∞

−+−

∫ ∫ ∫−+−=
T t T

TT ZkJdsscvdtdsscvtcu
0 0 0

)}|(]))((exp[]))((exp[))((max{ . 

1)0( =D , the above equation becomes 

(x{ 00
ZkJZkJZcu TTT

T
T −+∫ . 

 

 

()]0()([)())(ma0 kJDTDdttDt −+= )}|()|()|
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By dividing the whole equation by  and lettingT  ∞→T , we can conclud  
 

ppendix 2.  
 

 order to derive the consumption policy function, differentiate  with respect 
to t

e 

{ })|()()|()0(()0((max0 00 ZkJykgZkJcvcu k+−= . 
 
A

)(tpIn
ime t : 
 

{ }cJvugJvugkgtp && ]][/1[][][/[)( 2 ′′−′′′+′−′′′′=  

{ }kvJvugyfDfDJvugkg &′′−′′−−+′−′′′′−+ ]][]/[1[]][][][/[ 2
21

2 . 

By substituting the condition (H-2) for p&  and performing some algebraic 
manipulations, the result is 

 
(t)

 
{ }]]/[][[]/[ JvuJvugkgc ′−′′′−′′+′′′&  

vygfDgg vgkgyfDfDggg ′′+−+′′′+ ]/[]][/[ 21 . 

By simplifying the consumption policy function  through substituting

−′−′+−= ][ 1

 
c&  )(tϕ , I can 

conclude 
 
[ ] [ ]{ } vgcvtJvuJvugkgc kg ′′+−=′−′′′−′′+′′′ ]/[)()(]/[][/ ϕ& . 

 
Appendix 3. 
 

pplying a standard method can derive the system of linearized Hamiltonian 
equ that  

1 cvyygzkfDy −′− , 
 
where ([ −= . Differentiate  and with respect to 
Then, 

[/1 cgggkH ∂∂∂ ′−′+=≡

−+−′′−=≡ ∂∂  

A
ations. Recall 
 

)(1 ykgH = , 

()([2 gygpH ′+−= )]()(),()

),(1 pkH ),(2 pkH  k . kczkfy /]),

 
]]21

1 kyfDfDHk ∂−+ , 

H k

/[

]][][/[/ 211
22 yfDfDyfDkgpkH

[ ] ]/[]][/[][ 1211 kcvyfDkgpfDfDgp ∂∂′+−′′++′− . 
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Differentiate  and with respect to . Then, 
 

),(1 pkH ),(2 pkH  p

]/[/11 pcgpHH p ∂∂∂∂ ′−=≡ , 

=≡ pHH p ∂∂ /22 [ ][]][/[ 11 cvfDkgpfDg ∂ ]/][ pyvygg ∂′ ′+−′′+−−+− . 

In order to find 

′

 
kc ∂∂  pc ∂∂  and I differentiate the condition (N-1). Then, since 

the related matrix of partial derivatives is not singular,  
 

kc ∂∂ [ ][ ] 1
1 ]]][[ −′′−′′+′′′′+= JvukgpkgfDp , 2 [′+ vfD

[ ] 1]/[ −′′−′′+′′= Jvukgppc ∂∂ . 
 

kc ∂∂  and pc ∂∂Substitute  into  and , and then evaluate at the 

steady state. Let  

′+ uk , 
]′+′′ ]/ , 

211 ,, kpk HHH  2
pH

 
[ ]/[ −′′−′′′≡ JvgpA
[ gfDpB ≡ ][[ 1

[ ]

1]
vk

′C vkgfDfDp +′′+≡ ]/][[ 21 . 
 
Then, the system of linearized Hamiltonian equations (H-1), (H-2) can be 

summarized as 
 

=⎥
⎦

⎤
⎢
⎣ p
k
&

⎢
⎣

⎡
+′−+−+−

−+
ABCvpBfDfDfDfDp

ACfDfD
]][[][

21      ⎥
⎦

⎤−
AB

A⎡ &

21211
⎥
⎤

⎢
⎡

−
−

pp
kk , 
⎦⎣

 
where ),( pk  denote the steady state consumption and the price of capital. Hence, 
is the matrix of the right hand side of the abo pression. Therefore, 

′′−+=Ω , and 

Ω  
ve ex

[ ]fDfDfDfDvAp 11121 ][det −−+′=Ωtr ]/[ 221 kfDgpAfDfD . 
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