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Estimation of Engel Elasticities
from Concentration Curves*

Mohammed Ohidul Haque**

In 1978 Kakwani computed Engel elasticity from an implicit Engel
function based on a special type of concentration curve. Extending his
idea, a new formula in computing Engel elasticity based on general type
of concentration curves has been developed. A non-linear functional
form of the concentration curves for total expenditure and expenditure
on each commodity is used to derive the expenditure elasticities for
various Australian household consumption items. The empirical results
show that the proposed Engel function fits better than the other com-
monly used Engel functions in terms of goodress of fit. The adding-up
criterion is also approximately satisfied by this proposed Engel function
at all levels of per capita total expenditure. Additionally, a method of
obtaining weighted elasticity for various family compositions is also
presented with empirical illustrations.

I. Introduction

Specification of the functional form is an important issue in com-
puting Engel elasticities from household expenditure data. The impor-
tance lies in the fact that the magnitude of elasticities depends largely on
the functional form used. A huge body of literature has been devoted to
the consideration of the appropriate specification of the functional form.
In this regard, Haque (1984) reviewed the relevant literature and discuss-
ed the various issues on specification and discrimination of different func-
tional forms.

Engel elasticities can also be estimated indirectly via concentration
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A. Lorenz Curve

The Lorenz curve is defined as the relationship between the
cumulative proportion of income and the cumulative proportion of in-
come receiving units when the units are atranged in ascending otder of in-
come. This curve is widely used to analyse the size distribution of income
and wealth.

Mathematical definition of the Lorenx curve

Let X be the per capita total expenditure (income) of a family. If x is
assumed to be a random variable with probability density function £(X),
then the proportion of families having per capita total expenditure (in-
come) less than or equal to x is given by

(1) PE= [ fX)dX

Further, if it is assumed that the mean p of the distribution exists then
the first moment distribution function is defined by

@ QW= LXECOX

This Q(x) is interpreted as the proportion of per capita total expendi-
ture (income) made (received) by those families whose per capita total ex-
penditure (income) is less than or equal to x.

The relationship between P(x) and Q(x) is known as the Lorenz curve.
Inverting (1) and eliminating x from (2), one could obtain the Lotenz
curve provided the function (1) is invertible, which is true for most com-
monly used income density functions f(X). On the other hand, the same
curve is obtained by plotting Q(x) as the ordinate and P(x) as the abscissa
for different arbitrary values of x. This curve is commonly represented in a
unit square.

The first and second derivatives of Q with respect to P are respectively
given by

dQ dQrdx  «x
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These two positive detivatives show that the Lorenz curve is an increasing
convex function of P. This convexity along with the fact that Q(0, 0) =0
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The first and the second detivatives of Q(h(x)) with respect to P(x) are
given by
dQh@x)  hW
dP(x)  E(h(X))

dQhx) hE® 1
dP2x)  E(ME) ).

() >0

™

The sign of the second derivative depends on h’(x) as both E(h(X))
and f(x) are positive.

Therefore, if h’'(x)>0 for all x>0 then Q(h(x)) <P(x) and hence the
concentration curve falls below the cgalitarian line (i.e., the line passes
through the points (0, 0) and (1, 1) in a unit square). On the other hand,
if h*(x)<0 for all x, the curve is concave and will lie above the egalitarian
line. If h'(x)=0 then the concentration curve and the egalitarian line
coincide. When h(x) = x we obtain the Lorenz curve.

M. Estimation of Engel Elasticities from Concentration Cutves

Lew W,(X) be the Engel function of the ith commodity. Now if we
substitute W(X) for h(X) and Q; for Q in (5), we have

1 x
(W) = —— Of

QW (x)) EW,X)) L WX)f(X)dX

which could be explained as the proportion of the per capita expenditure
on the /th commodity made by those families having per capita total ex-
penditure (income) than or equal to x. Hence, the relationship between
P(x) and Q/(W,(x)) is known as the concentration curve of the 7th com-
modity.

Now substituting W,(x) for h(x) in (6) and (7) we have

dQ; ' on W,(x)
(8) —5p & (P)—W
#Q WK 1
O a8 O Froey

where E(W,(x)) is the mean expenditute of the sth commodity.
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In section II we have already indicated the drawbacks in constructing
the concentration curve from the available income density function.
Kakwani and Podder (1973) constructed the concentration curve from its
properties. In this study we have constructed the concentration curve
directly from its properties so that it fits the data treasonably well.

The purpose of this section is to choose a functional form for the con-
centration curve. Choice of the concentration curve is very important,
since this will be used to compute the Engel elasticities using the formula
(10).

We have fitted a number of concentration curves and the following
functional form of the concentration curve is chosen for our present
analysis, since it fitted better than other concentration curves.

(12) Q=(1-(1-P)?)1/8; 0<a, f<1.

This form of the concentration curve is suggested by Rasche, Gaffney,
Koo and Obst (1980). This is popularly known as the generalized Pareto
concentration curve. Because, if we put f=1, the above curve becomes
the equation of the concentration curve when the distribution of income
follows Pareto’s Law.5

Now differentiating (12) with respect to P twice we have

18

09 <= @h (1Pt (-2

dQ o D
(14) = = (a/f) 1-P)*2 (1-(1-P)2) " B

(42 (1-P (0P (D).

For all a<1, the value of the first derivative would be zeto and in-
finite if it is evaluated at zero and one respectively. On the whole, the
function (12) satisfies all the general properties of a concentration curve.
Hence, this curve is taken as the general concentration curve to compute
Engel elasticities for various consumption items.

V. Empirical Illustrations

Australian HES 1975-76 data are used to illustrate the above method.

5 a=1-1/3 where >0, the scalar parameter in the Pareto distribution. The Lorenz curve
for the Pareto disttibution is defined iff 3 >1 which implies that 0 <« <1.
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penditure on each item. The estimated parameters are presented in Table
1, together with the residual sums of squares. It is noted th%t the residual
sums of squates are generally low for all commodity items.

Engel elasticities at various per capita income levels are presented in
Table 2. It is noted that the elasticities for almost all the commodities in-
cluding total foods are reasonable. It should be mentioned that the
clasticities for each food items were estimated and it was found that
elasticities for almost all the food items remain the same for those families
whose per capita weekly incomes are $250 or more.® This is a quite en-
couraging result since the level of saturation must be attended by all the
food items.

Further, it is also noted that the expenditure clasticity for meals in
restaurants and hotels decreases as income rises, although from a common
sense point of view, expenditure elasticity for this item should increase
with the rise of income. This might happen due to the fact that the good
may become stable after income and the consumption of the commodity
reach a certain level. The rate of increase in its consumption should
diminish progressively as income rises and hence the elasticity of demand
falls. It is widely known that the expenditure elasticities of demand for
some staple foods will eventually become negative. Therefore, the ex-
penditure elasticity of demand for a specific kind of food like meals in
restaurants and hotels generally should fall rather than rise.

The weighted average of the elasticities of all the commodities is given
in the last row, the weights being the budget shares to the expenditures
on the items. The adding up criterion asserts that the total expenditure
clasticities weighted by the budget shares for all the commodities should
be equal to 1 at all income levels (see Cramer (1973, p. 147), Nicholson
(1949)). From the last row of Table 2, it is seen that the adding up
criterion is approximately satisfied at all pet capita income levels, The
maximum error is about 8% at the extreme minimum and maximum per
capita income levels $30 and $750. The systematic decrease of the
weighted average rotal expenditure elasticity is due to grouping according
to per capita income rather than per capita total expenditure. Low income
carners sometimes spend more than their income (by borrowing or some
other means) and higher income people spend less than their income.
Hence, the weighted average of the elasticities is over and underestimated
for the low and high income groups respectively. Weighted average of the
elasticities at the mean value is 1.0105 which is very close to 1.

Elasticity estimates for different commodities at mean total expendi-

8 These results are presented in Table A1l in Appendix Al.
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ture based on the proposed curve are compared with many commonly us-
ed Engel functions and are presented in Table 3. In their pioneering
work, Prais and Houthakker (1955) investigated the linear, hyperbolic,
semi-log, double-log and log-inverse functional forms. These functions
were also used by Podder (1971) to describe household consumption ex-
penditure pattern in Australia, The share semi-log Engel function was
used by Working (1943) for the United States budget data. Later, this
function was generalized by Leser (1963). In recent times, the Leser,
Working functions became more popular, In fact, Bewley (1982) used the
Working function to analyse the same survey data, usin g 180 observations
cross classified by 12 average weekly household income and 15 family
compositions. Giles and Hampton (1985) also used the same Working
function for New Zealand Household Expenditure Survey data. Goreux
(1960) selected the log log-inverse functional form for this larger FAO
study, while Sinha (1966) used this form to estimate income elasticities for
food in India. The double semi-log Engel function is used by Haque
(1984) to analyse the Australian Household Expenditure Survey data.

The last row of Table 3 gives the weighted average of elasticities for all
the functions. This shows that the adding up criterion is not satisfied for
the hyperbolic, semi-log and log-inverse functional forms. However, this
property is approximately satisfied by all other functional forms. In
general, the proposed curve performs better than the other Engel func-
tions except the linear, double semi-log, Working and Leser functional
forms, where adding up criterion is supposed to be exactly satisfied.

The weighted residual sum of squares is used to compare the goodness
of fit among the alternative functional forms, taking the proportion of the
estimated population in each per capita income class as weights. It is clear
from Table 4 that the proposed curve is superior to all other curves as
judged by the minimum weighted residual sum of squares criterion. This
curve is selected for seven out of ten items.

However, for clothing and foorwear the log-inverse functional form
gives a lower value of the weighted residual sum of squares than the pro-
posed cuve. It is interesting to note that the double semi-log functional
form performs well and occupies the position next to the proposed curve.
Earlier Haque (1984) showed that this function performed better than the
other usual functional forms on the basis of the minimum weighted
residual sum of squares.

The choice of an appropriate functional form for an Engel curve on
theoretical grounds depends on the relative weights attached to the
various properties by the investigator. In this analysis, we base our choice
of an appropriate functional form on the minimum weighted residual
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case is 1.02 which is not significantly different from unity. Hence, any
bias in the estimated total expenditure elasticity based on the per capita
income classes may be considered as negligible.

The proposed method of estimation of Engel elasticity has not yet
been developed to take into account the effects of other variables.
However, it is important to note that if the data are classified according to
total expenditure (income) for different family composition then the ef-
fect of family composition and economies of scale could be considered by
computing the total expenditure (income) elasticities for different family
compositions and then these elasticities could be combined to find the
average total expenditure elasticity of demand for the whole population.?
Some data of this nature are in fact available for 1974-75 HES and the
relevant results have been presented in Table A2 in Appendix A2.

It should be pointed out that the regression estimates for grouped data
are biased for the non-linear Engel functions because of the use of
arithmetic means as proxies for geometric and harmonic means for
logarithmic or reciprocal relationships. As a result, Engel elasticities com-
puted from non-linear Engel functions are biased. The present method
could be used to compute Engel elasticity from grouped data without such
an added problem.

In this paper, we have extended Kakwani's method of estimating
Engel elasticity from implicit Engel function based on non-linear concen-
tration curves, using grouped data. The empirical results show that the
proposed Engel curve fits better than the other commonly used Engel
functions on the grounds of goodness of fit. The adding-up criterion is
also approximately satisfied by this proposed Engel function at all levels of
per capita total expenditure. Hence, our method of estimating Engel
elasticities based on concentration curves may be considered as superior
over the usual method of least squares in computing Engel elasticities.

9 See Appendix A2 for more details about this technique.
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Appendix A2
The Method of Obtaining Weighted Elasticities

In many household expenditure surveys the data are classified accord-
ing to household income rather than per capita income. In such cases, our
method fails to reflect the family size effect on consumer patterns.
However, family size or family composition effects can be taken into ac-
count in the estimation of Engel elasticities from concentration curves,
when the data are classified according to family income and size/ composi-
tion. The method is given below.

Suppose that the total population is divided into several homogeneous
groups. Let us see how total expenditure (income) elasticity for the entire
population would be obtained from the total expenditure (income)
elasticity for various groups. The problem is relatively simple since it
amounts to finding the weighted elasticities. The procedure is discussed
below.

Let us assume that we have N Engel functions with respect to all fami-
ly total expenditure (income) i.c. Y,=f(X), Y,= £X), ...
Y =fiy(X) with total expenditure (income) elasticities ;, 7y, ..... Y
respectively, where Y/s are the expenditures for different family composi-
tions on a particular item. Then the elasticity of the sum of the functions,

EX)+HX) +..... + f(X) is given by

, X
= 1(X)T1
, X
=1 Tz
X

and nN = fN, (X) -Y_
N

and hence the elasticity of the sum of the functions f;(X) ..., fy(X) is
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