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I. Introduction

The free-rider problem has long been regarded as intrinsically
unsolvable as a practical manner. The essence of this problem is
that for a Pareto-optimal solution to be reached, individuals must
reveal their preferences for public goods. However since each in-
dividual consumes the total quantity of public goods supplied, it is
in any individual’s interest to either understate or overstate his
preferences depending on how the stated preferences are used in
the financing process of the public good. We are thus left without
a direct way to determine the efficient level at which to produce a
public good.

A number of recent papers have developed a variety of ways to
overcome the free-rider problem. However the literature on the
theoretical design of the mechanisms has not dealt with em-
pirical issues, nor used real world data. The purpose of this paper
is to analyze the efficient provision of a public good using the
weak complementarity approach of Bradford and Hildebrandt
(1977) and Hildebrandt and Tregarthen (1979-hereafter H-T).

This paper is organized as follows. In section II, it is shown
that different individual behaviors (altruistic as opposed to self-
interested behavior) toward financing a public good result in dif-
ferent amounts of willingnesses-to-pay for a public good. It is also
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Proposition 1: If the two restrictions mentioned above are
satisfied, then
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dividual has positive demand for a private good, a public good
becomes valueless at a specific price level. However since in-
dividuals’ altruistic behavior (or publlc regardedness behavior')
may have an important role in the provision of a public good, it is
likely that an individual will still place some valuation on the
public good at a threshold price of the private good. Therefore it
is assumed here that an individual’s marginal valuation of the
public good stays constant with respect to the private good price
at the threshold price level. This assumption satisfies assumption
(1) as a special case: Specifically, these two restrictions are ex-
pressed as follows:

® a(ViV)ey =0’

1 According to Hanushek (1975), some individuals are inclined to support public ex-
penditures above those indicated by their own private interests and this public
regardedness is linked to their heritage and to their ethnic background. Also according to
Deacon (1977), the appearance of certain anomalous results in the study (e.g., high in-
comes voter favoring welfare proposals), seemingly at odds with narrow self-interest, led to
the introduction of “public regardingness” as an attribute that influences the behavior of
certain calsses of voters.

2 It can be shown that the usual willingness-to-pay expression in terms of the direct
utility function (= U /U,) is equivalent to the indirect utility expression (=V /V )

Let's consider the fol'rowmg constrained maximization problem:
Max U(x, q, N)
s.t. px+H=y,
where N is a numeraire goods. Let
@) UxqN)=T.
Total differentiation of (2-1) gives
(2-2) dex + quq + UNdN =0.
From the budget constraint (with p fixed),
(2-3) dN=dy — pdx.
Marginal utility of the numeraire good is equivalent to marginal utility of income, i.e.,
24y Uy= Uy .
From (2-2), (2-3) and (2-4), we get
dex + quq + Uy(dy—pdx) =0

@5 (U, -pU )dx+U dq+U dy=0.

Since efficiency requlres that U, /U be equal to p, the first term of expression (2-5)
vanishes:

U
- —y = = —q
(2-6) B U=U T .

From the indirect utility function, let

@7 Vg ysU
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change in the private good demand due to change in the public
good is as follows:
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Since 9 (V,/V,)/ 3y is equal to zero from assumption (2), Voy Vp I8
equal to V)V, . And
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Therefore, - 3 (V,/V,/)ap=20x/3q from assumption (2):

P' BV, V) P’
Sp '—B‘L-y— dt = Sp xq(t,q,y)d‘:.

This implies that 3 (qu"g,)/ dp is equal to zero at p=p' if and only
if x, is equal to zero at p=p'. With assumption (9), 9x/2q is equal
to zero at P. On the other hand if assumption (1) holds, then
assumption (9) always holds at P, but not vice versa.

It is also noteworthy to compare the two assumptions, (1) and
(9), based on the properties of an indirect utility function. Let’s
define complements first. If a private good demand (x) increases
as a public good (q) increases, i.e.,dx/3q >0, then they are defin-
ed as complements in consumption.?

From the indirect utility function (10),

3 This definition is different from one in Deaton and Muellbauer (1980, p. 46). Their
definition is that goods i and j are complements if Oh,/ OP, is negative, and they are
substitutes if a'll'-/ BPJ- is positive, where h, is the Hicksian (o compensated) demand.
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curve is caused by the increase in the level of the public good pro-
vision (from q to q'). If the price of the private good is equal to F,
then there will be no change in the private good demand; i.e.,
X, (P, q, y)=0atp=p.

x(P, 4, ¥)  x(p,q’y)

Figure 2

At a low price of the private good, demand for the good goes
up as the provision of a public good increases (x,>0 at p<P). As
the price goes up, the degree of increase in the private good due
to the same increase'in the public good goes down (%4p <0). Final-
ly at a high price there will be no change in the private good de-
mand due to the increase in the public good (x,=0at p=p). And
beyond that price the same increase in the public good reduces
the demand for the private good. In this case incremental con-
sumer’s surplus can be maximized by setting the threshold price at
P. This maximized surplus is drawn as the shaded area. Any other
price will lower the incremental consumer’s surplus. The
threshold price level is chosen with assumption (9). The numerical
value of the threshold price depends on the specification of the
private good demand function. If the quantity demanded is zero
at p' (p'< P), then threshold price must be p’. If the private good
demand is of the form of a hyperbolic function, both V,and V ,
becomes zero at an infinite price level and quantity demanded
will be zero at this price level,

Proposition 2 (Self-Interested Behavior): With restrictions (1)
and (2), an individual’s -willingness-to-pay is captured with the
Marshallian private good demand function in the interval be-
tween p and P.

Proof: From Willing’s Lemma 2 (1978, p. 241),
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Willing’s Lemma 5 (1978, p. 243) states that restriction (8) is
equivalent to >

(17)  wq(p.q)= - Sp x,{ 6 #(p, q) }d=
Let p=p. Then
#q(f‘,q)=-ijq{t,q,u(ﬁ,q)}df=—f xq(T)q’Y)d".
L) 7

Note that since u(P, q| p°, q°, ¥°) is defined as y, x {P> q, 1(P,

q)} is the Marshallian private good demand. From Willig's Lem-
ma 2,
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[ xa(aais 7 x{n @ ales
_J' (t,q,y)dr +f-x (t,q,y)ds
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Note that in this case, the relevant upper price limit will be P,
because beyond P the complementary relationship between the
two goods will be changed and incremental consumer’s surplus
will be decreased. The efficiency condition will be
V' n P i
E =2 (t,q,y)dr =MCq.
i=1 V' i=1 j ' Y) ‘
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Therefore willingness-to-pay will be

p
\"%
—1 =_f x, (1, q, y)dt
Vy 3

Note that the substitutive relationship will be changed below p. The
threshold price § can be zero depending on thc form of the
private good demand function. The efficiency condition will be

; P |
% &.:-% f x! (t,q,y')dt = MC,.
i= V i=1 _ 4
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Up to now we have analyzed the implications behind an in-
direct utility function which satisfies two different sets of assump-
tions. According to this analysis, what we have to do first is to
construct an indirect utility function which satisfies relevant
assumptions. The next step is to calculate the threshold price
either from the indirect utility function or from the private good
demand function. The final step is to sum individual
willingnesses-to-pay and to equate this with the marginal cost of a
public good and to solve for the efficient level of the public good.
However enumerating these steps in this way is misleading. The
major advantage of the weak complementarity approach lies in
the relatively small amount of information we need to solve for the
efficient level of a public good. Once we can set up the direct (or
indirect) utility function, we no longer have to worry about the
willingness-to-pay for the public good. The essence of the weak
complementarity approach is that what we need is a private good
demand function which is not independent of a public good.
With some restrictions on the private good demand (thus on the
implied indirect utility function), we can solve for the efficient
level of a public good. In this sense following proposition has an
important role.
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x(p,ay) = X(p,a5°) (59"

where y° is the base income. From Roy’s identity,

oy 3V (psqy) _ - aV(p,q,y)
x(Psq>y°) (‘,%‘)" 5 9p

New let’s claim that V(p, q, y)= f(y)+g(p, q) and check whether
this claim is true:

_ 8 (P,a)
¢ = s ———r,
(18) (;}2) 5 () TR
Expression (18) is satisfied for any non-negative y and p holding q
fixed. Note that the left-hand side term of (18) is a function of y
and the right-hand side is a function of p. Therefore each side
must be equal to a constant. Let both sides be equal to 1. Then
from the left-hand side,

y /

£,9)= ") (1) =£y) = ()" fo wTdew.
Note that f(y) ,_, is equal to zero due to zero utility. And from
the right-hand side,

[~

g (Pq) =- x(pay®) = gPa) = [ x(r,q,y°)d".
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(4-5)  V(p.qa.y) =f(y) +&lpq).
The income elasticity of the private good demand, 7, is

ox y s, vy gk f,,0
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Comparison of expression (4-4) which (4-6) shows that they are equivalent except for the
first term of the right-hand side of expression (4-4). This term vanishes in expression (4-6)
due to the form of indirect utility function specified in expression (4-5). Therefore the
property of the income elasticity of private good demand depends on the functional form
of f(y). For example, homothetic preferences give

1
[(fy(y)]'l =y = MW=y =fy=Ihny n=1.



PROVISION OF A PUBLIC GOOD 207

satisfies restriction (8). And restrictions (8) and (9) together imply
that the partial derivative of the private good demand with
respect to the level of the public good is equal to zero at P, i.e.,
x,=0 at p=p. Therefore the following sets of restrictions are
equivalent:

a(V,/V,)ey = 0

7 1s constant
a(V, V. )fap = p“’} {
( q/ y)/ p=0 atp=p

X = : =3
. 0 atp=Pp.

Therefore what we need for analysis are a private good demand
function with constant-income-elasticity and the value of P at
which X_=0. The key point once again is that for the analysis we
do not need a specific utility function which is unobservable but a
private good demand function which is estimable.®

The following considerations are important before this ap-
proach can be applied. First, finite threshold prices with two in-
dividual behaviors (P, P) can be consistent with the properties of a
well-behaved indirect utility function once the implicit assump-
tion that the upper limit of the relevant price range with each in-
dividual behavior is a threshold price itself is adopted. Second, if
the private good' demand function is hyperbolic, then two
threshold prices will be infinite. In this case we don’t need an in-
dividual behavioral assumption, because the upper limit of the
price will be infinite. Third, if the quantity of the private good
demanded is zero at a finite price, then that price will be upper
limit in calculating the amount of willingness-to-pay.

6 There is an interesting paper by Morey (1984) concerning this issue. According to
him, there are two approaches to estimating demand equations. The one approach
specifies an algebraic form for the utility function, derives the corresponding system of de-
mand equations, and only then uses data to estimate the coefficients in those demand
equations. Imposing an algebraic form on the utility function with complete ignorance of
data amounts unfortunately to imposing a priori restrictions on the preference ordering.
These a priori restrictions are embedded in the demand equations. Since their imposition
was not based on the data, the estimated demand equations are not necessarily correct and
the resulting ranking could be wrong. The other approach to demand estimation specifies
the algebraic form for the demand equations directly and then uses the market data to
estimate their coefficients. The algebraic form of the demand equations determine he
form of the utility function up to a monotonic transformation once the demand equations
satisfy the integrability condition (Hurwicz and Uzawa, 1971)-negative semidefinitness of
the substitution term matrices.
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